shows a scheme of the interaction of the incident photons, at frequency υ 0 , with silica molecules that is responsible for its absorption by a vibrational state of the matter. Therefore, the incident photons lose energy to the matter and will be scattered in a lower frequency; or in a higher wavelength. These scattered photons at higher wavelengths are called Stokes photons. Meanwhile, if the vibrational state is already excited, due thermal excitation for instance, and the silica molecules return to the ground state after the absorption, the scattering will occur in higher frequency; or in lower wavelength, so these scattered photons at lower wavelengths are called Anti-Stokes photons.
The Raman amplification scheme relies only in stokes photons interactions because they are dominant for regular environmental temperatures. The Raman gain spectrum has a bandwidth of 40 THz with a gain peak around 13 THz away from the pump wavelength. For signal wavelengths to be amplified at 1550 nm, the peak gain is located around 100 nm away from the pump wavelength [10] . Figure 2 shows the schematic for Raman amplification systems that comprises of one or more optical pumps that will be launched in the optical fiber length in three different configurations: copropagation scheme (a) or counter propagation scheme (b) related to the optical signal direction. The third configuration launches the optical pumps in both directions. 
A. Numerical Model
The following numerical model applied in this work was proposed by Cani et.al [8] and taking into account several effects like the single and double Rayleigh scattering, the amplified spontaneous emission (ASE) noise, polarization effects, signal and pump attenuation and the interaction between different pumps, between pumps and signals and between different signals [6, 7] .
(1)
where P µ , P ν , α µ e α ν are the power and attenuation coefficients at frequencies µ and ν respectively.
The superscripts + and -indicate, respectively, the forward and backward propagation in the z axis direction, C Rµν is the Raman gain efficiency between the frequencies µ and ν, Γ is the polarization factor and takes a value 1 if the polarizations are preserved and 2 when the polarizations are not maintained, ԑ ν is the Rayleigh scattering coefficient and B е is the noise bandwidth considered.
B. Analytical Model
The analytical model proposed by Cani et al. [8] obtained with some simplification of the differential equations in Eq.(1) was applied to achieve a model with low computational costs, capable of being applied at optimization techniques to facilitate the choice of the pumps parameters in Raman amplifiers systems. This model approximates to the solutions of the numerical model under certain conditions.
The simplifications applied for the analytical model were to neglect the effect of the double Rayleigh scattering, the ASE noise and the pump depletion by the signal. Other important factor to accomplish the simplification for the analytical solution was considering the attenuation coefficient of the pumps as being the same, so the mean value of them was considered [8, 9] . Therefore, the spatial propagation for three different pumps under counter-propagation direction, with µ > η > σ, can be represented by:
To solve this system of coupled equations, eqs.2-4, two iterations were performed, each one with three steps. In the first iteration, two equations are decoupled in each step. Thus, in this iteration two pumps have no interactions with other pumps and the third contains the pumping loss or gain due the relationship with the other pumps [7] . The solution for the first iteration of the systems equations is described as follows,
The analytical model does not take into account energy conservation among the pumps. This happens because at each step, the solution of the first iteration considers only the pump-pump interaction in only one equation. In order to minimize this effect, a second iteration was performed applying the first iteration solution, eqs. 5-7, in the eqs. 2-4. The second iteration solution is achieved and its generalization allows describing a model for n-pumps and n-signals, eqs. 8-9 [8] .
where:
The signal gain (Ganal,v (z)) is calculated by the equation:
Therefore, the analytical model describes the propagation and interaction between pumps and thereafter computes the signal gain, provided by these pumps, as represented by the eq. 9.
In this case, the pump depletion by the signal can be disregarded. Other important factor to apply this model can be observed when the input signal has high enough power to neglect the ASE influence, this happens when the signal has more than -30 dBm. [8] .
C. Corrected Model
As mentioned before, the analytical model is the result of an approach made disregarding the pump depletion by the signal, the double Rayleigh scattering and the ASE of the amplifier. These approaches are effective when working in small signal regime and a few number of pump lasers.
Therefore, this solution suffers with this simplification not taking into account energy preservation in the process.
However, when the amplifying system covers a large bandwidth, the C+L optical bandwidth for instance, the number of pumps to accomplish that goal can be large enough to make the results of the analytical model not correspond to real values. Moreover, in this scenario a certain number of pumps will be responsible for amplifying other pumps and the simplification of not considering the depletion of the pump by another pump will be responsible for a large error in the analytical model results.
In this work an analysis in terms of energy conservation was performed. It was considered that all energy loss or gain comes from the interaction between pumps, with the exception of power loss due the optical fiber attenuation. Therefore, the total energy inserted into the optical fiber can be calculated by the sum of all pump powers that propagate over the optical fiber without considering the interaction between them.
Thus, the total power difference between the energy conservation assumption and the analytical model can be computed as: (10) Where P bn are the pump powers calculated by the analytical model and P pn are the pump powers only taking into account the loss due to attenuation and neglecting the interactions between pumps.
For each distance along the fiber the optical power difference was computed. If the difference was positive, that means the analytical model calculates more energy than total energy in the optical fiber, so the energy calculated on the model was decreased by ΔP being distributed for each pump, proportional to the total power of them. That was considered because the pumps with more power tend to interact more between them. If the difference was negative, the pumps energy were increased by the same criteria.
III. RESULTS The three optical pumps wavelengths were 1430 nm, 1438 nm e 1446 nm with 200 mW of power each. The distributed optical amplifier was applied in a SMF optical fiber with a total length of 50 km. However, when the number of pumps is increased, with the purpose of amplifying the C+L optical bandwidth, the discrepancy between analytical and numerical models increases considerably. The amplification of most part of the L-band signals occurs due to second order pumps, i.e., pumps that were amplified by other pumps [11] . Therefore the interaction between pumps is more critical in that scenario and is responsible for this discrepancy. Fig. 4 shows the results for a system with eight pumps with parameters showed in table 1 found in the bibliography [12] . The link had a length of 80 km allowing the second order amplification to occur. It can be seen that from the L band, above 1560 nm, a significant discrepancy between the numerical and analytical model happens. This behavior arises because the pumps with higher wavelengths have less power initially, so they are amplified by the other pumps and after that, when their levels are high enough, they will be responsible for amplifying the L-band, increasing the error in this spectrum region. [12] .
For this reason, the energy conservation analysis becomes important as can be seen in Fig. 5 . The result depicts the difference, as function of the distance, between the total energy computed by the analytical model and the conservation energy assumption taking into account the optical pumps only propagating along the optical fiber. To solve this limitation of the analytical model, a correction analysis was made over the difference between the energy of the pumps only propagating and the pumps interacting. Figure 6 shows the result with the corrected model for the same configuration as in Fig.4 .
The response difference between the corrected and the analytical model decreases with the wavelength due to the energy redistribution that happens more in higher wavelengths which suffer more with the simplifications of the analytical model. When eight optical pumps are used, the pump at 1508 nm for instance will suffers more with the depletion of his power by the optical signals into the C+L band, so the impact of his correction will be more observed in higher signal wavelengths, around 1608 nm in this case.
It may be observed that, after the correction was applied, the gain profiles of the numerical model and the corrected analytical model show the same behavior, with a relatively small error. The difference varies around 1 dB for wavelengths in the C-band, up to ~1560 nm. The best result of the corrected model, however, occurs for the L-band. This is reasonable, since the signals in this band are mostly amplified by second order Stokes waves. This is the energy transferred from a pump in the beginning of the band (14xx nm) to another pump, whose wavelength is higher than the first.
Subsequently, it is transferred to the signal. This type of behavior increases even more the discrepancy in the gain values, because the analytical model does not consider in its first iteration part of the interaction between the pumps. Figure 7 shows the gain as a function of the wavelength of the WDM channels for a distributed Raman amplifier with 50 km of SMF. In this case, 13 pump lasers were considered whose wavelengths and powers are indicated in table 2, as found in the bibliography [13] . [13] . As can be seen in Fig. 7 , from 1555 nm on, the gain values obtained with the numerical and analytical models differ, since at higher wavelengths the signals are amplified by second order Stokes waves.
Also, it can be seen that the difference between the gain of the numerical model and the analytical model varies considerably throughout the wavelengths. With the correction, however, this difference shows a better steadiness throughout the signal wavelengths, which leads to a trustier analysis in terms of ripple. The difference between the corrected model and the analytical model is more constant in this case because the larger number of pumps is responsible to more pump-pump interactions and to maintain more pumps with significant power along the fiber length.
It should be noted that, in general, there is no reduction of the error between the analytical and numerical models, but rather the curve adapts better to the shape of the result of the numerical model.
This leads to a better evaluation of the influence of the ripple and their application in optimization algorithms for ripple metrics. The corrected model can be applied for any pump configuration but the difference for the analytical model will show advantage and will approach to the numerical model only with the increase of optical pumps to cover a larger bandwidth.
IV. CONCLUSIONS
In this work, corrections were discussed, from the perspective of energy conservation, to improve the performance of an analytical model for L-band and considering a large number of pump lasers.
The numerical model for analyzing the behavior of Raman amplifiers yields a more complete result, seeing as it includes phenomena as double Rayleigh scattering and Raman amplified spontaneous emission.
However, due to computational costs, analytical models based on evolution of pumps become attractive, seeing as, in a significant part of the applications, they present results considerably approximated to the numerical model. One of the approximations in this model assumed that initially some pumps did not interact with each other. On the contrary, it assumed they only propagated without loss of power to other pump lasers with different wavelengths. Analyzing the relation between pumps from the perspective of energy exchange, this approximation violates the conservation of energy principle.
Correcting the evolution of pumps in a way that the energy is conserved yields that the results of the analytical model approximate better those of the numerical model. This is observed mainly for signals in the L-band, which owe their amplification mostly to second order Stokes waves. This, probably, is the main factor which increased the discrepancy from the numerical model to the analytical model.
